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An analytical model for a time dependent two dimensional flow around a moving profile is developed.
The model is suitable for fast aerodynamic and aeroelastic coupling calculations. It determines the
inviscid pressure distribution in the vicinity of one blade and the force on the blade in arbitrary two
dimensional motion. The method is more flexible than previous analysis: it can represent any profile,
pitching motion and blade attachment position. The method is based on conformal mapping techniques
and Laurent’s series decomposition and is faster and more accurate than standard panel methods. A main
idea is to directly treat the singularities of the flow in a mapped plane where any geometrical plane is
simplified to a circle. The vorticity is assumed to be shed in the form of a continuous vortex sheet near
the trailing edge.
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1. Introduction

The turbine in the present investigation has a vertical shaft con-
nected to straight vertical blades via support beams instead of the
horizontal shaft used in conventional wind turbines (see Fig. 1).

The vertical axis wind turbine concept was invented by J.M.
Darrieus [1] in 1931, and a renewed interest for the concept ap-
peared during the oil crisis in the 1970’s.

The vertical axis wind turbines (or VAWT) are again consid-
ered for large and small scale wind power generation, see Fig. 1.
They can also be used to produce energy from underwater cur-
rents. At Uppsala University, the main focus is on simple turbine
construction to minimize costs [2]. The effort includes the usage
of improved composite materials, wind turbine aerodynamics and
new generations of permanent magnet high voltage generators that
avoid mechanical gears. However, in particular two key issues need
to be resolved.

Firstly, the vertical axis turbines experience a complicated flow
with remaining theoretical uncertainties. An efficient tool had
not been previously developed for a systematic theoretical design
study of the pitch angle, attachment point and shape of the blades.
In most experimental and theoretical studies the old NACA 4 digit
series airfoil has been used [3].
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Secondly, the structural design of the turbine is demanding.
Hence, without the use of special composites materials and accu-
rate models it is difficult to build a reliable turbine [4]. This could
be a major reason why the worldwide research efforts on vertical
axis turbines have declined for the last two decades. Most of the
previous vertical axis program stopped due to failures of a blade
or the main bearing. After the damage of the world’s largest ver-
tical axis turbine in the 1990’s, the 3.2 MW rated power Eole in
Cap Chat at Quebec [4], almost all large scale Darrieus and H-rotor
research projects have been stopped.

It is commonly believed that vertical turbines are much less
efficient than their horizontal counter parts. However, it should
be kept in mind that commercial horizontal wind turbines have
been optimized for more than twenty years. For instance, the re-
ported maximum measured power coefficient [5] of the VAWT 260
in Great Britain is as high as 0.39, which twenty years ago was an
acceptable figure of merit. Substantial progress could be expected
if the understanding of the physics of vertical turbines would be
deepened.

The design of the turbine can be improved, for instance by min-
imizing the drag produced by struts and junctions. Their special
aerodynamic features such as vortex shedding may turn out to
be advantageous for small and medium size electricity production
from wind or underwater streams (vortex shedding is used by in-
sects and fish to produce a very powerful thrust [6]). Finally, the
overall design could be simplified and thus be made more cost ef-
ficient.
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Fig. 1. General view of an H-rotor with three blades.

2. Previous aerodynamic models

The methodology described in this paper has been developed
with emphasis on two peculiarities of cross flow turbines: the
complicated flow surrounding vertical turbines and the sensitive
dependency on various aerodynamic parameters. Features that
need to be investigated in more detail are: the unsteady interac-
tion between the blades due to the continuously changing angle
of attack via vortex shedding and unsteady relative flow curvature
seen by the blades during rotation [7]. Additionally, the wing pro-
file affects strongly the dynamic stall performance. Some of these
effects may be studied more efficiently with the method described
here.

Previously, vertical axis turbines have been modeled in three
ways: (i) a streamtube analysis (also called blade element mo-
mentum theory) [3,8] originating from the horizontal axis turbines
theory, (ii) vortex models [9–12] and (iii) Computational Fluid Dy-
namics (CFD) models [13–15]. The third group of models may be
more accurate and reliable, but is more demanding in terms of
computing effort and time as compared to the others. The two
first models typically need inputs in the form of lift and drag data
as determined from computations or experiments. In most cases
this set of data is taken from non moving wind tunnel experi-
ments or steady state calculations. As the local flow conditions are
radically different, the results from such static tests cannot be con-
sidered. Moreover, the static data needs to be related to the fully
interactive flow encountered by the wings. This is usually done by
calculating the relative angle of attack seen by the blade in motion.
However, even the definition of this effective angle of attack may
be questionable in view of the complicated flow experienced by
real vertical turbine blades. A simple analytical model is presented
in this paper to clear these uncertainties concerning two of the
aforementioned aspects: flow curvature influence and blade–wake
interaction.

The present work has been inspired by three previous studies.
One of the most complete models for vertical axis turbines is a
vortex model developed by Oler and Strickland [9], but it disre-
gards flow curvature. The use of the panel method complicates the
vortex shedding treatment and increases the computational cost.
The panel method, however, can be generalized to three dimen-
sions unlike methods based on conformal mapping.

The analytic study of Wilson [10] uses the conformal mapping
from a flat plate to a circle via the Joukowsky transform. The ad-
vantage of his study is the analytical simplicity. However, the flat
plate is not a suitable airfoil for vertical axis turbines (it has not
a preferential direction of rotation) and generalizations are nec-
essary. Another study was carried out by Zervos et al. [16] using
the results of Couchet [17] for the aerodynamics of arbitrary two
dimensional profiles in general two dimensional motion. It was
applied to a NACA0012 airfoil but the oversimplified computation
[16] did not give convincing results.

Zannetti [18] recently applied a discrete vortex model to study
vortex trapping blades for vertical axis turbines. However, the
forces on the blades were not evaluated. Moreover it does not
seem straightforward to apply that model to N bladed turbines
or N boundary problems. The computation time in the present
paper is reduced by using a suitable implementation of the Fast
Multipole Method (FMM) algorithm [19]. Wang [12], also recently
applied a 2D panel-method to the simulation of the flow around a
multi-bladed conventional VAWT.

The model presented in this paper is a generalization of
Wilson’s [10] vortex model to an arbitrary profile in arbitrary mo-
tion. Therefore the model will inherit the flexibility of Oler’s [9]
model and benefit from exact calculations to decrease significantly
the computing time. The generalization to the N bladed case has
been investigated by Österberg [20]. The present model is able to
determine the inviscid pressure distribution on the rotating blade.
Some possible future developments of this analysis (influence of
viscosity and aeroelastic computations) are not developed here but
briefly given in Section 8 as perspectives.

The model is presented in several steps. Firstly, the geometry of
the physical problem is defined and simplified via conformal map-
ping techniques. The set of equations to be solved together with
the appropriate boundary conditions are established and solution
details are given. Exact formulas for the forces from the fluid on
the blades are also derived. Explicit results are presented for an
application to vertical axis turbine flows.

3. Geometry definition, Laurent’s series and conformal maps

A conformal mapping is a transformation which preserves local
angles in the transformation. Riemann [21] showed that there ex-
ists a conformal map which transforms the exterior of any shape
(here an airfoil) onto the exterior of the unit disk. The conformal
mapping transformation is analytic. It follows that there exists a
Laurent series expansion of this transform which enables a fast
evaluation of the mapping [22] and simplifies the treatment of
derivatives and integrations over the airfoil contour.

The airfoil coordinates are given by a set of discrete coordinates
(xCi, yCi) converted into a set of complex numbers zCi = xCi + iyCi .
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The conformal transformation f is considered in the form of a Lau-
rent’ series:

z = f (s) = s + σ +
+∞∑
k=1

ck

sk
bk, (1)

where σ and ck are complex numbers. The function f transforms
a circle sc of radius b in the s-plane into the wing section zc in the
z-plane, represented by a discrete set of points.

sc = bei(η+ηTE), (2)

where ηTE is the trailing edge angle in the transformed plane.
The aim is to find the optimal σ and {cn}n∈N that approaches as

closely as possible the shape given by interpolation of the points
zi of the airfoil section.

The method used here is based on Ives’ [23] FFT method and
adapted to obtain the Laurent’s series coefficients as described by
Deglaire [22]. The airfoil shape resulting from applying the trans-
formation offers a precision of four digits and the computational
time required to carry out this process is on the order of millisec-
onds on a personal computer.

The area of the section A and its center ζ can be calculated
analytically if the conformal transformation is known.

The general transformation is defined by Eq. (1). Specializing
to the case of the vertical axis turbine, four new parameters are
introduced: the rotor radius a(t), the pitch angle δ(t), the blade
shift position x0(t) and the angular position of the blade at time t ,
β(t) (see Fig. 2). All these four parameters are allowed to change
in time. Additional to the coordinate system defined by z, three
coordinate systems z1, z2, z3 are defined as follows:

z1 = (z + x0)e−iδ, (3)

z2 = z1 + ia, (4)

z3 = z2eiβ, (5)

which represent rigid displacement and rigid rotations of the foil.
A possible implementation of this theory is to study the effects

of small pitch and heave oscillations superimposed on the usual
rotation corresponding to the β angle to investigate aeroelastic in-
stabilities. The rotations including the β and the δ angle could have
been reduced to one rotation. However, it was decided for conve-
nience to keep this “double” rotation formalism.

The z coordinates represents the position of the points fixed
to the foil and the coordinates z3 the points seen by an observer
fixed in the earth frame and looking to the turbine from above.
A point attached to the z frame is moving in the z3 frame with
the velocity

V z/z3inz3 = iβ̇z3 + ẋ0e−i(δ−β) − iδ̇z1eiβ + iȧeiβ (6)

expressed in the z3 frame coordinates. This is noted using the sub-
script z/z3inz3.

4. Equations and boundary conditions

Under the assumption of incompressible and inviscid flow writ-
ten in the (assumed) inertial earth frame (or the lab frame), we
obtain for the velocity �V 3 in this z3-inertial frame:

�∇ · �V 3 = 0, (7)

and adding the extra condition of irrotational flow in the lab:

�∇ × �V 3 = 0. (8)

Thus introducing two potential function ϕ and ψ which respec-
tively are the velocity potential and the stream function, satisfying
Laplace’s equation and the Cauchy–Riemann relations [24].
Fig. 2. Definition of the main parameters in the H rotor section.

A complex potential is introduced

F = ϕ + iψ, (9)

such that

V 3 = dF

dz3
, (10)

where the bar symbol represents complex conjugate. Any function
F which is an analytic function is a solution to this problem.

This problem is subjected to three boundary conditions. A first
boundary condition states that the velocity should coincide with
the wind velocity at infinity. A second boundary condition states
that the fluid should not penetrate inside the wing in the non-
inertial z frame. An extra boundary condition analog to the Kutta–
Joukowsky condition will be introduced by stating that the velocity
in the non-inertial frame should be exactly zero at the trailing
edge.

Hence a complex potential which is an analytical function and
fulfills the following three boundary conditions:

dF

ds
−→
s→∞ V 0ei(−α+β−δ), (11)

F (s) − F̄ (s̄) − 2iψ3(s, s̄) = iK , for ss̄ = b2, (12)

dF − V̄ z/z3inz3 = 0 for s = beiηTE (13)

dz3
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is a solution to the problem. In Eq. (11), V 0 is the norm of the
wind speed and α is the angle between the wind velocity and the
real axis. Eq. (12) is expressed for all points in a circle which are
mapped to the foil. K is real valued and the stream function ψ3 is
representing the blade in vertical axis motion by

ψ3(s, s̄) = −1

2
β̇z3 z̄3 + 1

2
δ̇z1 z̄1 + Im(−iȧz1 + ẋ0z). (14)

5. Solution

5.1. Complex potential

Regarding the form of Eqs. (9), (11) and Eq. (12), (13), it seems
appropriate to look for an F(s) in the form of an analytic function
and express it in the form of a Laurent’s series similarly to the
airfoil transform. Thus, considering the asymptotic behavior of F
at infinity up to a constant:

F (s) = V 0ei(−α+β−δ)s + V 0e−i(−α+β−δ) b2

s

+
Nv∑

v=1

[
iΓv

2π

(
log(s − sv) − log

(
s − b2

s̄v

))]
+ F1(s), (15)

where Γv are the strengths of the wake vortices and their images.
These Γv are primarily a consequence of the unsteady motion of
the wing (technically the Kutta condition at the trailing edge). At
each step one trailing vortex with a given strength is created and
then shed. The set of these trailing vortices forms the wake of the
foil and of the turbine.

The function F1 is given as

F1 =
∞∑

k=1

Gk

sk
bk, (16)

where

Gk = −iβ̇G A,k + iδ̇G B,k − iȧGC,k + ẋ0G D,k. (17)

All coefficients {Gk}k�1 can be derived analytically by straightfor-
ward identifications from the non-penetration boundary condition
and the coefficients can be found in Appendix A. The complex po-
tential F is now totally determined and corresponds to the exact
solution of Laplace’s equation for an arbitrary boundary in arbi-
trary two dimensional motion. The streamlines in the z plane can
be found by determining the isovalues of the function

ψr = Im(F ) − ψ3. (18)

5.2. Velocity field

Knowing the complex potential F , the “absolute” velocity is de-
rived in the z-plane as

V z = dF

dz
= dF

ds

ds

dz
, (19)

and the absolute velocity in the z3 frame is derived as

V 3 = dF

dz3
= V z

dz

dz3
. (20)

The relative velocity expressed in the z3 frame for a point fixed to
the foil (attached to the z frame) is then

V R3 = V 3 − V z/z3inz3. (21)
5.3. Kutta condition

The Kutta condition is satisfied at each time step by locating a
new vortex at the trailing edge of the profile in the way described
by Streitlien [25]. The strength of this vortex is determined using
the Kutta–Joukowsky condition described in Eq. (13).

dF

dz3
− V̄ z/z3inz3 = 0, (22)

at the trailing edge point s = beiηTE .
Assuming that NV − 1 vortices are present in the flow from the

NV − 1 previous time steps, let sNv be the position of the newly
emitted vortex in the s plane and sTE the position of the trailing
edge. It is now possible to determine the unknown nascent circu-
lation by

dF

ds

∣∣∣∣
sTE

= V̄ z/z3inz
dz

ds

∣∣∣∣
sTE

. (23)

5.4. Numerical implementation

All the created vortices are advanced in time according to the
absolute velocity of the fluid. At each vortex location the convec-
tion velocity is corrected using Routh’s rule [26]. The update of the
vortex positions in the circle plane can be carried out following the
direct procedure of Österberg [20] or the inverse mapping proce-
dure of Deglaire [22]. Under the inviscid assumption the strength
of all vortices is kept constant once they are ejected. The compu-
tationally expensive convection of the vortices is carried out using
the Fast Multipole Method and the images are automatically taken
care of via the fast imaging method developed by Deglaire [22].

The fast multipole method (FMM) was first described in Green-
gard and Rokhlin’s famous 1987 paper [27] and was subsequently
improved by incorporating adaptivity [18], fast translation opera-
tors [28] and improved implementation in 3D [29,30].

The fundamental idea, however, remains the same: far away
from a point source, the potential becomes smooth and can be
well approximated by a few terms in a rapidly convergent series –
the potential is of low effective rank. It follows that the effect of
potentials at a large enough distance, belonging to a set which is
well separated from the set of points of interest, can be accurately
computed as a set-to-set interaction rather than as an expensive
particle-to-particle interaction.

The N potentials are sorted into boxes that are hierarchically or-
dered in a tree. At each level in the tree, clusters of particles that
are neighbors interact in such a way that the low-rank (and hence
effective) representation is used whenever possible. Direct interac-
tion between particles is only allowed at the very finest level in
the tree resulting in an algorithm with running time proportional
to the number of particles N .

An adaptive implementation improves this for non-uniform dis-
tributions of particles by only refining the tree were needed. Other
improvements focus on the complexity constant by optimizing the
implementation of the translation operators. A straightforward im-
plementation runs in time proportional to O(p2) in 2D and O(p4)

in 3D, where p ≈ − log2(tol) is the number of expansion terms and
tol is the numerical tolerance. In the latest generation of FMMs,
these estimates can be brought down to O(p log(p)) in 2D [28]
and to O(p2) in 3D [30].

Since vortex methods take place in 2 space dimensions we have
focused our implementation of the FMM to 2D. A neat scheme
which avoids the traditional tree implementation was devised
in [31]. At medium accuracy, the gain in using the asymptotically
effective implementation of the translational operators is offset
by large constants and a complicated implementation in order to
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Fig. 3. Number of vortices vs. CPU-time in seconds for our implementation of the fast multipole method.
guarantee numerical stability. Instead, we have focused on mak-
ing the constant in front of O(p2) as small as possible. This can
be achieved on a vast amount of computer architectures by the
use of BLAS routines [32]. By a novel version of the direct ad-
dressing implementation in [31], data is not only localized in the
sense that nodes that interact are located closely in memory, but
also aligned so that large blocks of coefficients can interact simul-
taneously through BLAS level-3 calls. In this fashion, an efficient
implementation emerges (see Fig. 3). These results were obtained
on a single processor 2.6 GHz computer.

Another feature of our implementation is a Mex-interface to
Matlab which makes it possible to code and experiment with the
vortex method. The FMM-code is available in [33].

6. Pressure distribution on the moving blades

To find the forces from the pressure acting on the foil, the un-
steady Bernoulli equation in the form of Couchet [17] is written in
terms of variables expressed in the moving z-plane but the veloc-
ity is the absolute velocity from Eq. (20).

In the z3 frame,

p

ρ
= −1

2

(|V 3|
)2 − ∂ϕ(z3, z̄3, t)

∂t
+ C(t). (24)

Omitting the time dependent constant, the pressure is therefore

p − p∞
ρ

= −1

2

(|V 3|
)2 − ∂ϕ(s, s̄, t)

∂t
+ Re[V 3 V̄ z/z3inz3]. (25)

Pressure coefficients can be introduced as in Oler [8] by

C P = p − p∞
1/2ρV 2

b

, (26)

where

Vb = ∣∣V 0eiα − V z/z3inz3(z3c)
∣∣, (27)

and z3c is chosen to be the attachment point.
The present model neglects viscous effects, which is especially

important in the analysis of kW rated Darrieus turbines. If inte-
grated, the obtained pressure distribution will give rise to normal
and tangential forces which are too high compared to the experi-
mental values and only valid for low angles of attack. Although not
complete this pressure distribution can be used to explain some
basic features of VAWT operation.

7. Force calculations

We can now express the elemental force due to the pressure
from the fluid on the blade via the complex number

dN = ip dz. (28)

The inviscid pressure forces can be integrated numerically and
are given in the z frame by

X − iY = −
∮
C

ip dz, (29)

where C is the airfoil contour in the z plane. The pitching moment
with respect to the origin of the z plane is

M0 = Re

[∮
C

pz dz

]
. (30)

In the present work the final analytical formulas for the pitching
moment calculations are not presented. However, with the use of
the extended Blasius formula [34] and the residue theorem the
analytical calculation can be carried out [25].

The forces can be integrated analytically (for details see Ap-
pendix B). It is found that

X − iY = iρ

2
[E + I], (31)

with

E = −2
(
2(β̇ − δ̇)π

(
V 0ei(−α+β−δ)b2 + Ḡ1b − V 0e−i(−α+β−δ)c̄1b

))
− 2(β̇ − δ̇)V̄ z/z3inz0 A + i(β̇ − δ̇)2 4A

3
ζ̄ − 4A

3
ζ̄ [δ̈ − β̈]

− 2i A Az/z3inz + 4iπb

(
c̄1

[
∂V 0

∂t
e−i(−α+β−δ)

− V 0i(−α̇ + β̇ − δ̇)e−i(−α+β−δ)

]
− ¯̇D1

)
, (32)
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Fig. 4. Lift coefficient vs. pitch angle for different profiles in sinusoidal pitching motion with a low reduced frequency of 0.038 from 2 to 6 degrees. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
where A is the area of the profile, ζ the complex position of the
center of moment and V z/z3inz0, Az/z3inz and D1 are given in Ap-
pendix B.

I = 2
Nv∑

v=1

Γv
dz̄v

dt
− 2V̄ entz0

Nv∑
v=1

Γv + 2i(β̇ − δ̇)

Nv∑
v=1

Γv

[
z̄v − s̄v + b2

sv

]

− 2
Nv∑

v=1

Γv

(
∂ s̄v

∂t

dz̄v

ds̄v
− ∂ s̄v

∂t
+ ∂

∂t

(
b2

sv

))
. (33)

To include the nascent vortices this last formula is rephrased as

I ∼= −2i(β̇ − δ̇)

Nv∑
v=1

Γv

[
s̄v − b2

sv

]
+ 2

∂

∂t

[
Nv∑

v=1

Γv

(
s̄v − b2

sv

)]
. (34)

The last term can be evaluated numerically by a finite differ-
ence scheme. For H rotor computations a third order scheme will
lead to stable computation whereas a second order scheme will be
stable for pitching computation. The first order scheme is unstable
for any simulations including rotations.

8. Tests and perspectives

8.1. Unsteady motion of a wing profile at high Reynolds number and
small angles of attack

The first series of test consider a single blade profile in un-
steady pitch and heaving motion (which is important for aeroelas-
tic coupling). The model considers a blade pitching and heaving in
a sinusoidal manner with a trailing vortex sheet only. This model
gives acceptable results for low angles of attacks and slightly un-
steady flow. The results from (31), (32) and (34) are tested against
both experimental results from Piziali [35] and analytical formulas
from Theodorsen [36]. The Theodorsen formulas model the un-
steady behavior of a blade and even wing aileron combination in
pitch and heave by modeling the wing as a flat plate. In these
motions the main parameter to represent the unsteadiness is the
reduced frequency

k = ωc/2V 0, (35)

where ω = 2π f , f is the frequency of the pitching or heaving
motion, c the airfoil chord and V 0 the asymptotic wind speed or
the forward translating speed of the foil. Piziali [35] made exten-
sive series of measurements on a NACA0015 with a high Reynolds
number of one million in sinusoidal pitching motion.

The main numerical parameters such as the position of the
nascent vortex, the kernel vortex type and the time step do not
influence much the results from the simulations. The number of
vortices at the end of each simulation (around 5 to 6 cycles) is in
the range of 10 000. Due to the good computational efficiency of
the FMM the simulations require only a few minutes on a laptop
1.6 GHz personal computer.

The first tests consider a NACA0015 profile oscillating in pitch
from 2 to 6 degrees with a reduced frequency of 0.038 (see Fig. 4)
and from 1.8 to 6.2 degrees at a reduced frequency of 0.19 (see
Fig. 5).

In Fig. 4 the experimental results for the lift coefficients of
Piziali [35] and the analytical results of Theodorsen [36] agree
particularly well whereas the present simulation agrees for the
qualitative behavior but are shifted to higher lift coefficients. This
can be explained as follows: Theodorsen [36] did not include all
transients’ effects and benefits from an underestimate nearly coin-
ciding with viscous effects (Inviscid simulations overestimate the
lift coefficient [37]). It is therefore logical that the inviscid re-
sults are shifted to higher values for the lift coefficient. In the
NASA experiments [35] the viscous effects would reduce the lift
from the inviscid solution. The thicker the airfoil the more the lift
increases according to the inviscid theory. The results of the sim-
ulation are therefore considered to be realistic within the approx-
imations done within the model. In Fig. 5 the same phenomenon
is observed but the width of the hysteresis loop is decreased com-
pared to the lower reduced frequencies. This is correctly modeled
by the present simulation. The same shift to higher lift values is
observed which is also due to the inviscid assumption. This time
the underestimation in the theory [36] is obvious.

The second test considers a flat plate and a NACA0015 profile in
sinusoidal heaving oscillation. The Theodorsen formulas are com-
pared to the results of the simulation. The lift hysteresis loop fits
with the Theodorsen formulas at a high reduced frequency in Fig. 6
and deviates only slightly in the NACA0015 case.

Although the full Navier–Stokes equations are far from being
solved here, the ability of the model to incorporate viscous ef-
fects via a continuous release of vorticity inside a vortex particle
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Fig. 5. Lift coefficient vs. pitch angle for different profiles in sinusoidal pitching motion with a high reduced frequency of 0.19 with a pitch from 1.8 to 6.2 degrees. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. Lift coefficient vs. heave position for different profiles in sinusoidal heaving motion with a high reduced frequency of 0.19 and for a heave parameter varying from 0

to 0.1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
method is emphasized in the following section via two numerical
tests. A complete description of the numerical model used in Sec-
tion 8.2 is developed in [22]. The base of the method to solve the
Navier–Stokes equations is the same as the one developed in Sec-
tions 3–7 although the method developed in [22] is for multiple
sections but did not considered the motion of the sections. As such
the present “inviscid” part can be considered as the “inviscid” basis
for an unsteady Navier–Stokes model with moving boundaries.

8.2. Perspectives: unsteady lift on a profile in stall at low (5000) to
medium (33 000) Reynolds number

A FX79-w151a profile at a high angle of attack of 12 degrees
and two Reynolds numbers is considered. This test has been cho-
sen in order to compare with the unsteady lift and drag obtained
from a spectral method to solve the full unsteady Navier–Stokes
equations described in [38] and [39]. In this case, the numeri-
cal parameters are more important and should be chosen more
carefully than in the trailing vortex sheet models. The vortices are
released following the approach of Shih [40] and Subramanian [41].
The time step used is �t = 0.01 s for the first simulation at a
Reynolds number of 5000 (Figs. 7 and 8) and �t = 0.005 s for
the second at Reynolds number of 33 000 (Figs. 9 and 10). These
choices are made for a unit chord and unit asymptotic incoming
wind speed and correspond to the parameters used in [41] for
equivalent Reynolds numbers. The number of particles after 14 and
7 s of simulation, respectively, has increased to about 200 000. The
total computing time for both simulations is around 10 hours. For
this large number of particles, one convection step takes around
60 s on a single processor 2.6 GHz computer. The convection step
is achieved with a Runge–Kutta second order method. The diffu-
sion is modeled via the random walk method with Strang split-
ting [42]. The particles are not re-ordered (no re-meshing scheme)
during the whole simulation.

The first set of plots in Fig. 7 represents the vorticity shed from
the FX79-w151a profile at 12 degrees of attack and a Reynolds
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Fig. 7. Vortex trace plots of the flow past a FX79-w151a profile at a large angle of attack of 12 degrees and a low Reynolds number of 5000.

Fig. 8. Lift coefficient (green) and drag coefficient (red) against time for the flow in Fig. 9. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
number of 5000. Clockwise vortices are colored in red and an-
ticlockwise in blue. In Fig. 7, the start up vortex first develops
and the boundary layer stays attached. Then, the boundary layer
detaches at 30% of the chord length from the leading edge and in-
teracts with trailing edge vortices to form a Karman vortex street.
Although the periodic character of the flow is less obvious than
in the simulations of Stoevesandt [38] using spectral methods, the
mean lift and drag forces (see Fig. 8) are very similar. Moreover
the Strouhal number, or natural frequency, of this profile and at
this Reynolds number is identical. The flow is more chaotic in
the present simulation, an effect probably due to the stochas-
tic diffusion algorithm used. Future work will include a modified
Particle Strength Exchange (PSE) scheme with automatic remesh-
ing [41].

In Fig. 9, the vorticity for the same situation but at a higher
Reynolds number of 33 000 is plotted. The boundary layer is much
thinner and the characteristic size of the eddies is decreased.
Moreover the vortex shedding frequency is higher and the ampli-
tude of the oscillations smaller. This is perfectly coherent with the
spectral simulations of Stoevesandt [39] both in terms of flow be-
havior and average lift and drag forces (see Fig. 10).

Although the agreement is good between the 2D simulations
using spectral and vortex methods, the simulations in this pa-
per are an attempt to solve complicated engineering problems
with an efficient approach. At these Reynolds numbers 3D effects
come into play [43]. Therefore these simulations cannot give a
detailed agreement with experimental data although recent work
[44] shows that 2D DNS simulations can present the correct flow
picture up to Reynolds of 60 000. Anyhow, the spectral method of
Stoevesandt [38] needs several days of CPU time on a cluster of
computers compared to the CPU time of hours (on a PC) needed
for the vortex method. Both results agree qualitatively. Regarding
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Fig. 9. Vortex trace plot of the flow past a FX79-w151a profile at a high angle of attack of 12 degrees and a Reynolds number of 33 000.

Fig. 10. Lift coefficient (green) and drag coefficient (red) against time for the flow in Fig. 11. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
the similar results, the improvement in CPU time shows a great
advantage of the presented model.

8.3. H rotor flows

In all the following computations, a single bladed H rotor with
a chord to radius ratio of 0.25 [9] and operating at a tip speed
ratio of 5 is considered. Concerning the numerical computation,
each revolution of the rotor represents 200 to 400 time steps and
the results are considered for the 6th revolution. The convection of
vortices is carried out with direct summation for this low number
of vortices and the time stepping scheme uses the forward Euler
method, as the Runge–Kutta method did not affect the results sig-
nificantly. All computations lasted for 1–2 minutes on a 1.6 GHz
laptop computer. This can be compared to hours of CPU time used
in Ponta [11].

Two important parameters in H rotor aerodynamics, the tan-
gential and normal forces coefficients, are considered. The tangen-
tial force is proportional to the torque coefficient produced by one
blade (up to pitching moment corrections). The normal force co-
efficients are mainly important for fatigue issues on the carrying
arms and junctions, and bending of the blades. The normal and
tangential forces coefficient are defined as

CT = T
ρ
2 V 2

0 c
, (36)

and

CN = N
ρ
2 V 2

0 c
, (37)

where T and N are the normal and tangential force (with respect
to the circle tangent at the attachment point) expressed in Newton,
ρ the fluid mass per volume, V 0 the asymptotic wind or current
speed and c the chord of the foil. T and N are directly given by
Eq. (31).

In Fig. 11 the normal and tangential forces analogous to Oler
[9] experimental and numerical study with one NACA0015 pro-
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Fig. 11. Normal and tangential force coefficients against angular position for an H rotor with Oler’s [9] experiment parameters. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)
file attached at the mid chord (x0 = 0) are plotted against the
beta position. The non-viscous simulation includes the unsteady
motion of the blade plus one trailing vortex sheet whereas the vis-
cous simulation also assumes one vortex sheet but includes in the
drag calculations an integral boundary layer representation using a
modified Thwaites’ and Head’s method [45]. This integral boundary
layer representation has only been used for this test. It is similar
to the one used in Oler [9] and applied to the same problem. The
Reynolds number in Oler’s experiments [9] is 40 000 and is out-
side the assumption of those theories but a qualitative agreement
can be expected. The viscous influence is to lower the tangen-
tial force, as compared to the raw experimental data of Oler [9].
The results from the viscous and inviscid simulation qualitatively
agree whereas the viscous simulation fits better (28% error in the
tangential force coefficient in Fig. 11 and 16% error for both simula-
tions in the normal forces). The discrepancies between the viscous
simulation and the experimental results for the normal force are
first due to the low Reynolds number considered, which not only
increases the drag but also significantly decreases the lift. Hence
the power extracted from the upwind pass is too high and the
speed is too much reduced in the downwind pass inducing sim-
ulated normal forces that are too low. Secondly, the aspect ratio
used in Oler experiment [9] is low and might suggest a 3D in-
fluence. Other authors [11,12] have not compared their simulation
to this very hard case but instead compared with measurements
of Klimas [46] with a two bladed H rotor at lower chord to ra-
dius ratio of 0.15. They found a general good agreement with their
simulation. Preliminary results from Österberg [20] using a gener-
alized version of the present simulation show similar agreements
as Ponta [11] and Wang [12]. Generally, the results from other re-
cent simulations [11], shows a similar agreement but at a much
higher CPU time and the results of the vortex method in Fig. 11 of
Oler [9] are poorer.

The inviscid simulation is expected to provide a realistic model
for higher Reynolds numbers. For instance, a typical Reynolds
number value is about 300 000 for a kW range turbine. For these
reasons only the results of the inviscid simulation will be taken
into account for now in Figs. 12–14.

In Fig. 12 also using the Oler experiments parameters, the ef-
fect of the fixed pitch angle on the normal forces and on the
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Fig. 12. Pitch angle influence on the normal (green) and tangential force coefficient (red) against angular position for an H rotor with Oler [9] experiment parameters using
the inviscid simulation.
tangential forces is investigated. Paraschivoiu [3] includes exper-
imental studies on the fixed pitch effect on straight bladed tur-
bine performance and noticed a slight increase in averaged power
when the leading edge of the foils were pitched out of the cir-
cle (for counterclockwise rotation). Although the averages of nor-
mal and tangential forces are quite similar, the amplitudes on
the upwind and downwind part of the turbine show significant
variations. For instance, a 3 degrees pitched turbine in this con-
figuration (chord to radius ratio of 0.25) will absorb most of the
power in the downwind pass. Pitching the foil by a few degrees
decreases the local angle of attack in the upwind pass and in-
creases it in the downwind pass which is made wider by the flow
expansion. This can explain the slightly higher averaged power
produced with positive fixed pitch configuration. Considering fa-
tigue effects, it is important to balance as much as possible the
sum of the normal forces plus the centrifugal forces and in a
smaller proportion the tangential forces between the upwind and
downwind position. This can lead to lower bending stresses am-
plitudes but also to decrease the fluctuations in the torque pro-
duced. Fig. 12 shows that the pitching of the blade can be an
interesting parameter for the H rotor designer. Moreover, the in-
stantaneous forces can be significantly affected by a pitch angle
error.

In Fig. 13 the effect of moving the attachment point is studied.
From the previous pitch study (see Fig. 12) a similar trend is no-
ticed: moving the attachment point forward increases the energy
capture in the upwind pass and decreases it in the downwind pass.
The pitch angle and attachment point variations are indeed equiv-
alent via basic trigonometry. Moreover, an important difference
between Darrieus rotors and H rotors is that Darrieus turbines typ-
ically have a mid chord attachment point, whereas H rotors have
a quarter chord attachment point to minimize the aerodynamic
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Fig. 13. Attachment point influence on the normal (green) and tangential force coefficient (red) against angular position for an H rotor with Oler [9] experiment parameters
using the inviscid simulation.
moment at the strut blade junction. At this high chord to radius
ratio of 0.25, the difference in instantaneous normal and tangen-
tial forces is striking.

In Fig. 14 the effect of the camber and position of maximum
of camber along the chord-line of the blade profile for the Oler
base experiment is investigated. Whereas pitch and attachment
point variations show completely different results in terms of force
coefficients, the camber seems to be a parameter of secondary in-
fluence. Here again there is no win-win strategy: an increase in
the upwind pass decreases the tangential force in the downwind
pass. The NACA2515 seems to be a good compromise for this con-
figuration. Even the influence of moving the maximum of camber
position can be studied and shows slight differences between the
NACA1215 and the NACA1715. It has to be stressed that camber
influence might be different in practice due to eventual viscous ef-
fects.

In Fig. 15 the wake or trajectory of the trailing edge vortex
sheet has been pictured for the experimental setup of Klimas [46]
with one blade. The wind is blowing from left to right. Fig. 15
shows analogous trends as the theoretical results of Ponta [11],
Wang [12] and the experimental results of Klimas [46]. A stable
vortex street forms at the upper and lower extreme points where
most of the vorticity is shed.

Although the results here given are promising, the theory de-
veloped needs further improvements to be completed. The main
aspects to be incorporated in a complete model are the eventual
action of the viscous flow on the inviscid flow, dynamic stall ef-
fects and 3D effects. The aeroelastic coupling is also of important
practical interest and can be derived from the present model us-
ing strips of this 2D model which is a common approach to study
instabilities along marine cables [47].

9. Conclusion

An analytical model for the 2D unsteady flow around an arbi-
trary profile in arbitrary motion has been developed. The model
uses conformal mapping techniques to allow for fast analytical
calculations: the solution is derived for a single circle and gen-
eralized to arbitrary geometries via conformal mapping techniques.
The model is self consistent with no added parameter adjustments.
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Fig. 14. Camber and position of camber influence on the normal (green) and tangential force coefficient (red) against angular position for an H rotor with Oler [9] experiment
parameters using the inviscid simulation.
Discrete point vortices describe the complicated flow structure ex-
perienced by the moving blade. Arbitrary shapes of the profile can
be modeled. The strengths of the model are that it is physically
transparent and easy to apply in an effective and fast way. The
use of analytical formulas shortens and clarifies the presentation,
computation and computation benchmarking. The results from the
model agree well with experiments so far conducted. It describes
qualitative behavior, with the same accuracy, in much shorter com-
putation time than previous models. That makes it straight forward
to apply for aeroelastic calculations to be treated in a subsequent
paper. The model is well suited as a design tool for vertical axis
turbines. Further developments will allow for a generalization of
the theory to include several objects and to design multi-bladed
turbines.
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Appendix A

Analytical expressions for the complex potential solution to the
problem stated in Section 4

G A,1 = (H + σ)c1 + (H + σ)b + d1, (A.1)

G A,k>1 = (H + σ)ck + ck−1b + dk, (A.2)

with

dk =
∞∑
j=1

c j+kc j, (A.3)
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Fig. 15. Vortex trace plot of the flow past an H rotor with Klimas [46] experimental
setup and simulation.

H = iaeiδ + x0. (A.4)

The coefficients {G B,k}k∈N for the rotation along δ can easily be
derived by noting that they correspond to {G A,k}k∈N with a = 0
and β = 0. Therefore with Ĥ = x0 is obtained:

G B,1 = (x0 + σ)c1 + (x0 + σ)b + d1, (A.5)

G B,k>1 = (x0 + σ)ck + ck−1b + dk, (A.6)

where the {dk}k∈N are identical to the terms appearing in the ex-
pressions for {G A,k}k∈N .

The two sets of coefficients corresponding to the translations
{GC,k}k∈N and {G D,k}k∈N are given by:

GC,1 = e−iδc1 + beiδ, (A.7)

GC,k>1 = cke−iδ. (A.8)

And finally

G D,1 = c1 − b, (A.9)

G D,k>1 = ck. (A.10)

Appendix B. Calculation of forces

It is possible to calculate the total forces from the complex po-
tential via

X − iY = iρ

2

[∮
C

(
dF

dz

)2

dz −
∮
C

V̄ z/z3z dF −
∮
C

V̄ z/z3z dF̄

+
∮
C

∂ F

∂t
dz +

∮
C

∂ F

∂t
dz

]
. (B.1)

Where V z/z3z is the velocity of all points moving in the z3 frame
fixed in the z frame expressed in the z frame as

V z/z3inz = iβ̇z3e−iβeiδ + ẋ0 − iδ̇z1eiδ + iȧeiδ. (B.2)

Note that the terms containing time will have a special treatment
afterwards to take into account the nascent vortices.

If we define
B =
∮
C

(
dF

dz

)2

dz =
∮
C

(
dF

ds

)2 1

f ′(s)
ds, (B.3)

C = −
∮
C

V̄ entz dF −
∮
C

V̄ entz dF̄ , (B.4)

D =
∮
C

∂ F

∂t
dz +

∮
C

∂ F

∂t
dz. (B.5)

We find that the exact formula for the forces from the fluid onto
the wing will be

X − iY = iρ

2
[B + C + D], (B.6)

with

B = 2
Nv∑

v=1

Γv
dz̄v

dt
, (B.7)

C/2 = −V̄ z/z3inz0

Nv∑
v=1

Γv − 2(β̇ − δ̇)π
(

V 0ei(−α+β−δ)b2 + Ḡ1b

− V 0e−i(−α+β−δ)c̄1b
) + i(β̇ − δ̇)

Nv∑
v=1

Γv

[
z̄v − s̄v + b2

sv

]

− (
β̇ − δ̇

)
V̄ z/z3inz0 A + i(β̇ − δ̇)2 2A

3
ζ̄ , (B.8)

D = −4A

3
ζ̄
[
δ̈ − β̈

]

− 2i A Az/z3inz − 2
Nv∑

v=1

Γv

[
∂ s̄v

∂t

dz̄v

ds̄v
− ∂ s̄v

∂t
+ ∂

∂t

(
b2

sv

)]

+ 4iπb

{
c̄1

[
∂V 0

∂t
e−i(−α+β−δ) − V 0i

(−α̇ + β̇ − δ̇
)
e−i(−α+β−δ)

]

− ¯̇D1

}
, (B.9)

where A is the area of the profile, ζ the complex position of the
center of moment, V z/z3inz0 is defined as the constant part of

V z/z3inz = V z/z3inz0 + i(β̇ − δ̇)z, (B.10)

and Az/z3inz is given as the acceleration:

Az/z3inz = β̈
(−ix0 − ae−iδ) + β̇

(−iẋ0 − ȧe−iδ)
+ iδ̇β̇ae−iδ + iδ̈x0 + δ̇

(
iẋ0 − ȧe−iδ) − iäe−iδ + ẍ0. (B.11)

Finally D1 is such that

Ḋ1 = ∂V 0

∂t
e−i(−α+β−δ)b − V 0i(−α̇ + β̇ − δ̇)e−i(−α+β−δ)b + Ġ1,

Ḋk = Ġk. (B.12)

Grouping first the other terms and then vortex dependent ones

X − iY = iρ

2
[E + I]. (B.13)
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